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2 classical examples

Linear regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>
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<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

Ordinary Least Squares

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>



2 classical examples

Linear regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>



2 classical examples

Linear regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

L(y, ŷ) = (y � ŷ)2
<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>



2 classical examples

Linear regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

L(y, ŷ) = (y � ŷ)2
<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>

f(x) = w>x
<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>



2 classical examples

Linear regression Logistic regression
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<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>
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<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>
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<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>
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<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>
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<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>
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<latexit sha1_base64="+qigoMZF6jbiNQSR1cNEi2HUm5s=">AAACCHicbVC7TgJBFJ3FF+ILtbRwIjGxIrtooiXRxhITeSRAyOxwFybMzm5m7hLJhtLGX7Gx0BhbP8HOv3F4FAqe6uSce3PvOX4shUHX/XYyK6tr6xvZzdzW9s7uXn7/oGaiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDPx60PQRkTqHkcxtEPWUyIQnKGVOvnjFsIDppzFmGjoUqEoo0PgGGk6po1iJ19wi+4UdJl4c1Igc1Q6+a9WN+JJCAq5ZMY0PTfGdso0Ci5hnGslBmLGB6wHTUsVC8G002mQMT21SpcG9nYQKaRT9fdGykJjRqFvJ0OGfbPoTcT/vGaCwVU7FSpOEBSfHQoSSTGik1ZoV2ibWY4sYVwL+yvlfaYZR9tdzpbgLUZeJrVS0Tsvlu4uCuXreR1ZckROyBnxyCUpk1tSIVXCySN5Jq/kzXlyXpx352M2mnHmO4fkD5zPH/qpmUc=</latexit>
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<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>
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<latexit sha1_base64="+qigoMZF6jbiNQSR1cNEi2HUm5s=">AAACCHicbVC7TgJBFJ3FF+ILtbRwIjGxIrtooiXRxhITeSRAyOxwFybMzm5m7hLJhtLGX7Gx0BhbP8HOv3F4FAqe6uSce3PvOX4shUHX/XYyK6tr6xvZzdzW9s7uXn7/oGaiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDPx60PQRkTqHkcxtEPWUyIQnKGVOvnjFsIDppzFmGjoUqEoo0PgGGk6po1iJ19wi+4UdJl4c1Igc1Q6+a9WN+JJCAq5ZMY0PTfGdso0Ci5hnGslBmLGB6wHTUsVC8G002mQMT21SpcG9nYQKaRT9fdGykJjRqFvJ0OGfbPoTcT/vGaCwVU7FSpOEBSfHQoSSTGik1ZoV2ibWY4sYVwL+yvlfaYZR9tdzpbgLUZeJrVS0Tsvlu4uCuXreR1ZckROyBnxyCUpk1tSIVXCySN5Jq/kzXlyXpx352M2mnHmO4fkD5zPH/qpmUc=</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

min
w2R3

E
⇥
log(1 + exp(�y wTX))

⇤
<latexit sha1_base64="iV1O5Jn1zful66keJdChOYBSnXQ="></latexit>

Logistic Regression



2 classical examples

Linear regression Logistic regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

L(y, ŷ) = (y � ŷ)2
<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>

f(x) = w>x
<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

Logistic regression seeks to a linear relationship between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="UoS89tgg+zMez6wJBHsgs4JGVJ4="></latexit>

between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="9yDHpNz4rdSEzHYtnY3UjeoZZn4="></latexit>

finite space Y, and one or more explanatory variables captured in a vector X.
<latexit sha1_base64="nD4v8M4RxGSDoR4hnLqZw2VNppE="></latexit>

captured in a vector X.
<latexit sha1_base64="+qigoMZF6jbiNQSR1cNEi2HUm5s=">AAACCHicbVC7TgJBFJ3FF+ILtbRwIjGxIrtooiXRxhITeSRAyOxwFybMzm5m7hLJhtLGX7Gx0BhbP8HOv3F4FAqe6uSce3PvOX4shUHX/XYyK6tr6xvZzdzW9s7uXn7/oGaiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDPx60PQRkTqHkcxtEPWUyIQnKGVOvnjFsIDppzFmGjoUqEoo0PgGGk6po1iJ19wi+4UdJl4c1Igc1Q6+a9WN+JJCAq5ZMY0PTfGdso0Ci5hnGslBmLGB6wHTUsVC8G002mQMT21SpcG9nYQKaRT9fdGykJjRqFvJ0OGfbPoTcT/vGaCwVU7FSpOEBSfHQoSSTGik1ZoV2ibWY4sYVwL+yvlfaYZR9tdzpbgLUZeJrVS0Tsvlu4uCuXreR1ZckROyBnxyCUpk1tSIVXCySN5Jq/kzXlyXpx352M2mnHmO4fkD5zPH/qpmUc=</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

min
w2R3

E
⇥
log(1 + exp(�y wTX))

⇤
<latexit sha1_base64="iV1O5Jn1zful66keJdChOYBSnXQ="></latexit>

Logistic Regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

H = R3
<latexit sha1_base64="Jhg69giJMfS0VN4GhvAaYWkrE34=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4Kkkr6EYouumyin1AG8tkOm2HTh7MTIQSsnDjr7hxoYhbP8Kdf+MkzUJbDwycOede7r3HDTmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsyyAShLZIwAPRdbGknPm0pZjitBsKij2X0447vU79zgMVkgX+nZqF1PHw2GcjRrDS0sAs9T2sJgTzuJGgS5T9XDe+Te5rxYFZtipWBrRM7JyUIUdzYH71hwGJPOorwrGUPdsKlRNjoRjhNCn2I0lDTKZ4THua+tij0omzIxJ0opUhGgVCP1+hTP3dEWNPypnn6sp0SbnopeJ/Xi9SowsnZn4YKeqT+aBRxJEKUJoIGjJBieIzTTARTO+KyAQLTJTOLQ3BXjx5mbSrFbtWqd6cletXeRwFKMExnIIN51CHBjShBQQe4Rle4c14Ml6Md+NjXrpi5D1H8AfG5w+Kj5df</latexit>



2 classical examples

Linear regression Logistic regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

L(y, ŷ) = (y � ŷ)2
<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>

f(x) = w>x
<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

Logistic regression seeks to a linear relationship between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="UoS89tgg+zMez6wJBHsgs4JGVJ4="></latexit>

between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="9yDHpNz4rdSEzHYtnY3UjeoZZn4="></latexit>

finite space Y, and one or more explanatory variables captured in a vector X.
<latexit sha1_base64="nD4v8M4RxGSDoR4hnLqZw2VNppE="></latexit>

captured in a vector X.
<latexit sha1_base64="+qigoMZF6jbiNQSR1cNEi2HUm5s=">AAACCHicbVC7TgJBFJ3FF+ILtbRwIjGxIrtooiXRxhITeSRAyOxwFybMzm5m7hLJhtLGX7Gx0BhbP8HOv3F4FAqe6uSce3PvOX4shUHX/XYyK6tr6xvZzdzW9s7uXn7/oGaiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDPx60PQRkTqHkcxtEPWUyIQnKGVOvnjFsIDppzFmGjoUqEoo0PgGGk6po1iJ19wi+4UdJl4c1Igc1Q6+a9WN+JJCAq5ZMY0PTfGdso0Ci5hnGslBmLGB6wHTUsVC8G002mQMT21SpcG9nYQKaRT9fdGykJjRqFvJ0OGfbPoTcT/vGaCwVU7FSpOEBSfHQoSSTGik1ZoV2ibWY4sYVwL+yvlfaYZR9tdzpbgLUZeJrVS0Tsvlu4uCuXreR1ZckROyBnxyCUpk1tSIVXCySN5Jq/kzXlyXpx352M2mnHmO4fkD5zPH/qpmUc=</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

min
w2R3

E
⇥
log(1 + exp(�y wTX))

⇤
<latexit sha1_base64="iV1O5Jn1zful66keJdChOYBSnXQ="></latexit>

Logistic Regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

H = R3
<latexit sha1_base64="Jhg69giJMfS0VN4GhvAaYWkrE34=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4Kkkr6EYouumyin1AG8tkOm2HTh7MTIQSsnDjr7hxoYhbP8Kdf+MkzUJbDwycOede7r3HDTmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsyyAShLZIwAPRdbGknPm0pZjitBsKij2X0447vU79zgMVkgX+nZqF1PHw2GcjRrDS0sAs9T2sJgTzuJGgS5T9XDe+Te5rxYFZtipWBrRM7JyUIUdzYH71hwGJPOorwrGUPdsKlRNjoRjhNCn2I0lDTKZ4THua+tij0omzIxJ0opUhGgVCP1+hTP3dEWNPypnn6sp0SbnopeJ/Xi9SowsnZn4YKeqT+aBRxJEKUJoIGjJBieIzTTARTO+KyAQLTJTOLQ3BXjx5mbSrFbtWqd6cletXeRwFKMExnIIN51CHBjShBQQe4Rle4c14Ml6Md+NjXrpi5D1H8AfG5w+Kj5df</latexit>

L(y, ŷ) = log (1 + exp (�y ŷ))
<latexit sha1_base64="I2AFir73xxswxOPVtpgjoLPiLOY="></latexit>



2 classical examples

Linear regression Logistic regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit>

Linear regression seeks to estimate a linear relationship between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="6BkWvNygyff2QRvRdr6QaP2V1as="></latexit>

between a continuous scalar response Y, a one or more explanatory variables captured in a vector X
<latexit sha1_base64="wlRYo0yl4H2wYnRYnBd+KU24cKc="></latexit>

more explanatory variables captured in a vector X.
<latexit sha1_base64="uMsFfM+YUFh+oireTCRaKZ3Mv9c=">AAACJHicbVC7TgMxEPTxJrwClDQWERJVdAdIINEgaChBIhApiaI9Zw8sfPbJ3osSnfIxNPwKDQUPUdDwLTghBa+pRjO7Xs/EmZKOwvA9mJicmp6ZnZsvLSwuLa+UV9cuncmtwJowyth6DA6V1FgjSQrrmUVIY4VX8e3J0L/qonXS6AvqZ9hK4VrLRAogL7XLh03CHhWpscixlynQQMb2eResBP+I4wIyyi12uNQceBeF9/mA16uldrkSVsMR+F8SjUmFjXHWLr80O0bkKWoSCpxrRGFGrQIsSaFwUGrmDjMQt3CNDU81pOhaxSjkgG95pcMTfzwxmvhI/b5RQOpcP439ZAp04357Q/E/r5FTctAqpM5yQi2+DiW54mT4sDHekdaHVn1PQFjp/8rFDVgQ5HsdlhD9jvyXXO5Uo93qzvle5eh4XMcc22CbbJtFbJ8dsVN2xmpMsDv2wJ7Yc3AfPAavwdvX6EQw3llnPxB8fAL+FqTs</latexit>

min
w2R2

E
⇥
kY �Xwk2

⇤
<latexit sha1_base64="k5RIfPcCLMXH2oCeCiiRC/lSxIE="></latexit>

L(y, ŷ) = (y � ŷ)2
<latexit sha1_base64="IwDycfMZN1PdCVbmu2vahgCn4mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WIoCWpgm6EohsXLirYBzSxTKbTduhkEmYmQgj9BTf+ihsXirh1586/cdJG0OqBgTPn3Mu99/gRo1LZ9qdRmJtfWFwqLpdWVtfWN8zNraYMY4FJA4csFG0fScIoJw1FFSPtSBAU+Iy0/NFF5rfuiJA05DcqiYgXoAGnfYqR0lLXtNwAqSFGLL0aW8kBdIdIwWQfnkErgYff39tqqWuW7Yo9AfxLnJyUQY561/xweyGOA8IVZkjKjmNHykuRUBQzMi65sSQRwiM0IB1NOQqI9NLJRWO4p5Ue7IdCP67gRP3ZkaJAyiTwdWW2v5z1MvE/rxOr/qmXUh7FinA8HdSPGVQhzOKBPSoIVizRBGFB9a4QD5FAWOkQsxCc2ZP/kma14hxVqtfH5dp5HkcR7IBdYAEHnIAauAR10AAY3INH8AxejAfjyXg13qalBSPv2Qa/YLx/Ae3KmoE=</latexit>

f(x) = w>x
<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>

H = R2
<latexit sha1_base64="cwpg6uISa5c8guSmk9RcfHxBTEU=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmqoBuh6KbLKvYBbSyT6aQdOpmEmYlQQhdu/BU3LhRx60e4829M0iy09cDAmXPu5d573JAzpS3r2yisrK6tbxQ3S1vbO7t75v5BWwWRJLRFAh7IrosV5UzQlmaa024oKfZdTjvu5Dr1Ow9UKhaIOz0NqePjkWAeI1gn0sAs932sxwTzuDFDlyj7uW58O7uvlQZmxapaGdAysXNSgRzNgfnVHwYk8qnQhGOlerYVaifGUjPC6azUjxQNMZngEe0lVGCfKifOjpih40QZIi+QyRMaZervjhj7Sk19N6lMl1SLXir+5/Ui7V04MRNhpKkg80FexJEOUJoIGjJJiebThGAiWbIrImMsMdFJbmkI9uLJy6Rdq9qn1drNWaV+lcdRhDIcwQnYcA51aEATWkDgEZ7hFd6MJ+PFeDc+5qUFI+85hD8wPn8AiQqXXg==</latexit>

Ordinary Least Squares

Logistic regression seeks to a linear relationship between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="UoS89tgg+zMez6wJBHsgs4JGVJ4="></latexit>

between a discrete response Y taking values in some finite space Y, and one or more explanatory varibales captured in a vector X.
<latexit sha1_base64="9yDHpNz4rdSEzHYtnY3UjeoZZn4="></latexit>

finite space Y, and one or more explanatory variables captured in a vector X.
<latexit sha1_base64="nD4v8M4RxGSDoR4hnLqZw2VNppE="></latexit>

captured in a vector X.
<latexit sha1_base64="+qigoMZF6jbiNQSR1cNEi2HUm5s=">AAACCHicbVC7TgJBFJ3FF+ILtbRwIjGxIrtooiXRxhITeSRAyOxwFybMzm5m7hLJhtLGX7Gx0BhbP8HOv3F4FAqe6uSce3PvOX4shUHX/XYyK6tr6xvZzdzW9s7uXn7/oGaiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDPx60PQRkTqHkcxtEPWUyIQnKGVOvnjFsIDppzFmGjoUqEoo0PgGGk6po1iJ19wi+4UdJl4c1Igc1Q6+a9WN+JJCAq5ZMY0PTfGdso0Ci5hnGslBmLGB6wHTUsVC8G002mQMT21SpcG9nYQKaRT9fdGykJjRqFvJ0OGfbPoTcT/vGaCwVU7FSpOEBSfHQoSSTGik1ZoV2ibWY4sYVwL+yvlfaYZR9tdzpbgLUZeJrVS0Tsvlu4uCuXreR1ZckROyBnxyCUpk1tSIVXCySN5Jq/kzXlyXpx352M2mnHmO4fkD5zPH/qpmUc=</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

min
w2R3

E
⇥
log(1 + exp(�y wTX))

⇤
<latexit sha1_base64="iV1O5Jn1zful66keJdChOYBSnXQ="></latexit>

Logistic Regression

min
f2H

E(x,y)⇠D [L(y, f(x))]
<latexit sha1_base64="Yv6bsgq8/5oTrMOBGdccEdwdRH8="></latexit> f(x) = w>x

<latexit sha1_base64="shYUJaXEbB/DGPNO64xwFRXuaeM=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoBeh6MVjBfsBbS2b7aZdutkNu5PaEvpPvHhQxKv/xJv/xqTNQVsfDDzem2FmnhcKbsBxvq2V1bX1jc3cVn57Z3dv3z44rBsVacpqVAmlmx4xTHDJasBBsGaoGQk8wRre8Db1GyOmDVfyASYh6wSkL7nPKYFE6tq2Xxyf4Wv89NgGFeJxvmsXnJIzA14mbkYKKEO1a3+1e4pGAZNABTGm5TohdGKigVPBpvl2ZFhI6JD0WSuhkgTMdOLZ5VN8mig97CudlAQ8U39PxCQwZhJ4SWdAYGAWvVT8z2tF4F91Yi7DCJik80V+JDAonMaAe1wzCmKSEEI1T27FdEA0oZCElYbgLr68TOrlknteKt9fFCo3WRw5dIxOUBG56BJV0B2qohqiaISe0St6s2LrxXq3PuatK1Y2c4T+wPr8AUYRkiE=</latexit>

H = R3
<latexit sha1_base64="Jhg69giJMfS0VN4GhvAaYWkrE34=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4Kkkr6EYouumyin1AG8tkOm2HTh7MTIQSsnDjr7hxoYhbP8Kdf+MkzUJbDwycOede7r3HDTmTyrK+jZXVtfWNzcJWcXtnd2/fPDhsyyAShLZIwAPRdbGknPm0pZjitBsKij2X0447vU79zgMVkgX+nZqF1PHw2GcjRrDS0sAs9T2sJgTzuJGgS5T9XDe+Te5rxYFZtipWBrRM7JyUIUdzYH71hwGJPOorwrGUPdsKlRNjoRjhNCn2I0lDTKZ4THua+tij0omzIxJ0opUhGgVCP1+hTP3dEWNPypnn6sp0SbnopeJ/Xi9SowsnZn4YKeqT+aBRxJEKUJoIGjJBieIzTTARTO+KyAQLTJTOLQ3BXjx5mbSrFbtWqd6cletXeRwFKMExnIIN51CHBjShBQQe4Rle4c14Ml6Md+NjXrpi5D1H8AfG5w+Kj5df</latexit>

L(y, ŷ) = log (1 + exp (�y ŷ))
<latexit sha1_base64="I2AFir73xxswxOPVtpgjoLPiLOY="></latexit>



Implementation



Size of H
<latexit sha1_base64="3ASAHgnOV4MN29cUiyOIWQiwFAs=">AAACBHicbVA9TwJBEN3DL8Qv1JJmIzGxIndooiXRhhKjfCRAyN4yBxv2PrI7Z8QLhY1/xcZCY2z9EXb+G/eAQsGXTPLy3kxm5rmRFBpt+9vKrKyurW9kN3Nb2zu7e/n9g4YOY8WhzkMZqpbLNEgRQB0FSmhFCpjvSmi6o6vUb96B0iIMbnEcQddng0B4gjM0Ui9f6CDcY3IjHoCGHp3Qjs9wyJlMqpNevmiX7CnoMnHmpEjmqPXyX51+yGMfAuSSad127Ai7CVMouIRJrhNriBgfsQG0DQ2YD7qbTJ+Y0GOj9KkXKlMB0qn6eyJhvtZj3zWd6Yl60UvF/7x2jN5FNxFBFCMEfLbIiyXFkKaJ0L5QwFGODWFcCXMr5UOmGEeTW86E4Cy+vEwa5ZJzWipfnxUrl/M4sqRAjsgJccg5qZAqqZE64eSRPJNX8mY9WS/Wu/Uxa81Y85lD8gfW5w+tLJgc</latexit>

Best Error
<latexit sha1_base64="YbrW+KzpYKTCmpDzsodxxf6hV5M=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHajoMcQETxGMA9IljA76SRDZh/M9Kphzad48aCIV7/Em3/jJNmDJhY0FFXddHf5sRQaHefbWlldW9/YzG3lt3d29/btwkFDR4niUOeRjFTLZxqkCKGOAiW0YgUs8CU0/dHV1G/eg9IiCu9wHIMXsEEo+oIzNFLXLnQQHjGtgkZ6rVSkJl276JScGegycTNSJBlqXfur04t4EkCIXDKt264To5cyhYJLmOQ7iYaY8REbQNvQkAWgvXR2+oSeGKVH+5EyFSKdqb8nUhZoPQ580xkwHOpFbyr+57UT7F96qQjjBCHk80X9RFKM6DQH2hMKOMqxIYwrYW6lfMgU42jSypsQ3MWXl0mjXHLPSuXb82KlmsWRI0fkmJwSl1yQCrkhNVInnDyQZ/JK3qwn68V6tz7mrStWNnNI/sD6/AGEoJQq</latexit>

Approximation error

Estimation error

Total error

1. Supervised Learning Setting

2. Estimation vs Approximation
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The supervised learning setup

Excess Risk
Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>



The supervised learning setup

Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Excess Risk



The supervised learning setup

Definition

denoted r(f) as
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r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Excess Risk
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r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>
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r(f) = E(x,y)⇠D [`(f(x), y)] .
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For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>
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For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.
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r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
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E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Excess Risk



The supervised learning setup

Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
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Thus, supervised learning consists in solving inf
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r(f).
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Let’s introduce as well f?, and f?? as
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Proposition : Bayes decision rule

We have, for all x 2 X ,
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f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Computing f?? requires the knowledge of the conditional distribution PY |X .
<latexit sha1_base64="ur+BHZACUbChjQRx9hnG/2zcsrg="></latexit>

distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>
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f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
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<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
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Computing f?? requires the knowledge of the conditional distribution PY |X .
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distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>

In general, we su↵er from an estimation/approximation tradeo↵ :
<latexit sha1_base64="5kWWV4HGtWP66QO6eB1W3XzMJTE="></latexit>

r(f)� inf
g2F

r(g) = r(f)� inf
h2H

r(h) + inf
h2H

r(h)� inf
g2F

r(g)
<latexit sha1_base64="cDuvEYqZWmG0gQ+AxP5x0RpzlRQ="></latexit>
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Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Computing f?? requires the knowledge of the conditional distribution PY |X .
<latexit sha1_base64="ur+BHZACUbChjQRx9hnG/2zcsrg="></latexit>

distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>

In general, we su↵er from an estimation/approximation tradeo↵ :
<latexit sha1_base64="5kWWV4HGtWP66QO6eB1W3XzMJTE="></latexit>

r(f)� inf
g2F

r(g) = r(f)� inf
h2H

r(h) + inf
h2H

r(h)� inf
g2F

r(g)
<latexit sha1_base64="cDuvEYqZWmG0gQ+AxP5x0RpzlRQ="></latexit>

Estimation error

Excess Risk



The supervised learning setup

Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Computing f?? requires the knowledge of the conditional distribution PY |X .
<latexit sha1_base64="ur+BHZACUbChjQRx9hnG/2zcsrg="></latexit>

distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>

In general, we su↵er from an estimation/approximation tradeo↵ :
<latexit sha1_base64="5kWWV4HGtWP66QO6eB1W3XzMJTE="></latexit>

r(f)� inf
g2F

r(g) = r(f)� inf
h2H

r(h) + inf
h2H

r(h)� inf
g2F

r(g)
<latexit sha1_base64="cDuvEYqZWmG0gQ+AxP5x0RpzlRQ="></latexit>

Estimation error Approximation error

Excess Risk



The supervised learning setup

Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Computing f?? requires the knowledge of the conditional distribution PY |X .
<latexit sha1_base64="ur+BHZACUbChjQRx9hnG/2zcsrg="></latexit>

distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>

In general, we su↵er from an estimation/approximation tradeo↵ :
<latexit sha1_base64="5kWWV4HGtWP66QO6eB1W3XzMJTE="></latexit>

r(f)� inf
g2F

r(g) = r(f)� inf
h2H

r(h) + inf
h2H

r(h)� inf
g2F

r(g)
<latexit sha1_base64="cDuvEYqZWmG0gQ+AxP5x0RpzlRQ="></latexit>

Estimation error Approximation error

And we need to work within the ERM framework, which leads us to work with
<latexit sha1_base64="vKifxw8HrMnunT2s+D/983HeQKg="></latexit>

leads us to work with the empirical excess risk R(f), defined as
<latexit sha1_base64="xWHl2u5/V9lz8nuRvZ+Ltp4MJxM="></latexit>

R(f) =
1

n

nX

i=1

`(f(Xi), Yi)
<latexit sha1_base64="z1JTZJx9ihGzLJO+39js+Llgbg8=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VIQUpSBd0Uim5cVrEPaWqYTCft0MkkzEyEEvIdbvwVNy4UcSdu/BunbRbaeuBeDufcy8w9XsSoVJb1beSWlldW1/LrhY3Nre2d4u5eS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6HLitx+IkDTkt2ockV6ABpz6FCOlJbdo35h+Gdag4wuEEztNeAodGQduQmt2es+hQxgzfbPj0vIxvNPdLZasijUFXCR2RkogQ8Mtfjr9EMcB4QozJGXXtiLVS5BQFDOSFpxYkgjhERqQrqYcBUT2kulpKTzSSh/6odDFFZyqvzcSFEg5Djw9GSA1lPPeRPzP68bKP+8llEexIhzPHvJjBlUIJznBPhUEKzbWBGFB9V8hHiIdktJpFnQI9vzJi6RVrdgnler1aal+kcWRBwfgEJjABmegDq5AAzQBBo/gGbyCN+PJeDHejY/ZaM7IdvbBHxhfP6R/nr8=</latexit>

Excess Risk



The supervised learning setup

Definition

denoted r(f) as
<latexit sha1_base64="yw+FOvRbCfQkM1a+hzEums7CgrY=">AAACCnicbVBNS8NAEN34WetX1KOX1SLopSRV0GPRi8cKVoW2lM1mYpduNmF3IpaQsxf/ihcPinj1F3jz37itOfj1YODx3gwz84JUCoOe9+FMTc/Mzs1XFqqLS8srq+7a+oVJMs2hzROZ6KuAGZBCQRsFSrhKNbA4kHAZDE/G/uUNaCMSdY6jFHoxu1YiEpyhlfruVhfhFnMagkoQQlpQvRvt0VJlhhZ9t+bVvQnoX+KXpEZKtPruezdMeBaDQi6ZMR3fS7GXM42CSyiq3cxAyviQXUPHUsViML188kpBd6wS0ijRthTSifp9ImexMaM4sJ0xw4H57Y3F/7xOhtFRLxcqzRAU/1oUZZJiQse50FBo4ChHljCuhb2V8gHTjKNNr2pD8H+//JdcNOr+fr1xdlBrHpdxVMgm2Sa7xCeHpElOSYu0CSd35IE8kWfn3nl0XpzXr9Ypp5zZID/gvH0C+rOZyw==</latexit>

r(f) = E(x,y)⇠D [`(f(x), y)] .
<latexit sha1_base64="ZZvTPi52vo9EHoAxygmM0dDbjBs="></latexit>

For any estimator f 2 H,we define the excess risk of f, denoted r(f) as
<latexit sha1_base64="iXPvJfgbWd0JX/PSiLUO8HmKF9w="></latexit>

Remarks :

Thus, supervised learning consists in solving inf
f2H

r(f).
<latexit sha1_base64="C3VvEMOcFeHbXhXXJWRShqrTgPU="></latexit>

Let’s introduce as well f?, and f?? as
<latexit sha1_base64="nLumZlT4MsnEoDUVngFTtIXoKgc="></latexit>

f? 2 argmin
f2H

r(f)
<latexit sha1_base64="1QVprFzEJIMV5klIxdpzAJka5qg="></latexit>

f?? 2 argmin
f2F

r(f)
<latexit sha1_base64="Os9fNEJVIDyCXQsiU4WraTjD/ow="></latexit>

where F = {f : X ! Y}.
<latexit sha1_base64="QU4ucvyibzgIQvrklAUPxiehQ8I=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBA8hd0oKIIQFMRjBBMj2RBmJ73JkNkHM71qWPZ3vPgrXhQU9eqPOIkBH7FgoKaqm+4uL5ZCo22/WVPTM7Nz87mF/OLS8spqYW29rqNEcajxSEaq4TENUoRQQ4ESGrECFngSLr3+ydC/vAalRRRe4CCGVsC6ofAFZ2ikdqHiItxietMDBTSjbsCwx5lMTzN6RN3Up4ffWsP4GH3/rzI3K7ULRbtkj0AniTMmRTJGtV14cjsRTwIIkUumddOxY2ylTKHgErK8m2iIGe+zLjQNDVkAupWOLs3otlE61I+UeSHSkfqzI2WB1oPAM5XDLfVfbyj+5zUT9A9aqQjjBCHkX4P8RFJz7zA22hEKOMqBIYwrYXalvMcU42jCzZsQnL8nT5J6ueTslsrne8XK8TiOHNkkW2SHOGSfVMgZqZIa4eSOPJBn8mLdW4/Wq/X+VTpljXs2yC9YH5+pJ6be</latexit>

Clearly, we have r(f??)  r(f?).
<latexit sha1_base64="oH2cTJAiB4bE73n8qWZHE/yal94=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBQcqMCrpwUXTjUsGq0KnlTHrGBjMXkzNqGfoybnwVNy4UEVz5KqZjF94OJPx8/zkk5w9SJQ257rszMjo2PjFZmipPz8zOzVcWFk9NkmmBDZGoRJ8HYFDJGBskSeF5qhGiQOFZcHUw8M9uUBuZxCfUS7EVwWUsQymALGpX9nzCO8oPFIJWvQ1+i7wLN8j7XK+FF7lvCDQv7v469xVeF7wA67V2perW3KL4X+ENRZUN66hdefE7icgijEkoMKbpuSm1ctAkhcJ+2c8MpiCu4BKbVsYQoWnlxZZ9vmpJh4eJticmXtDvEzlExvSiwHZGQF3z2xvA/7xmRuFuK5dxmhHG4uuhMFOcEj6IjHekRkGqZwUILe1fueiCBkE22LINwfu98l9xulnztmqbx9vV+v4wjhJbZitsjXlsh9XZITtiDSbYPXtkz+zFeXCenFfn7at1xBnOLLEf5Xx8AmkVpIw=</latexit>

Proposition : Bayes decision rule

We have, for all x 2 X ,
<latexit sha1_base64="mJiFffswZ0WVRz+w5zh6jUvXQOI=">AAACFHicbVA9SwNBEN3z2/gVtbRZDIKghLsoaCnaWCqYD8iFMLeZM4t7e8fuXEg48iNs/Cs2ForYWtj5b7zEFBp91eO9GebNCxIlLbnupzMzOze/sLi0XFhZXVvfKG5u1WycGoFVEavYNAKwqKTGKklS2EgMQhQorAd3FyO/3kNjZaxvaJBgK4JbLUMpgHKpXTzwCfuU1ZF3oYeHPIwNB6X4kPe5LzX3I6CuAJU1hoftYsktu2Pwv8SbkBKb4Kpd/PA7sUgj1CQUWNv03IRaGRiSQuGw4KcWExB3cIvNnGqI0Lay8VNDvpcrnXGeMNbEx+rPjQwiawdRkE+OMtppbyT+5zVTCk9bmdRJSqjF96EwVZxiPmqId6RBQWqQExBG5lm56IIBQXmPhbwEb/rlv6RWKXtH5cr1censfFLHEtthu2yfeeyEnbFLdsWqTLB79sie2Yvz4Dw5r87b9+iMM9nZZr/gvH8BWD2dvw==</latexit>

f??(x) = argmin
ŷ2Y

E [`(ŷ, Y )|X = x]
<latexit sha1_base64="Q3LjmnxST0RsiVpqxLmvYS4Ib1E="></latexit>

Proof : on the black board.

Remarks :

f?? is often called bayes estimator.
<latexit sha1_base64="NwaWk4jkCczhUG85P75LxxWuWXQ="></latexit>

Computing f?? requires the knowledge of the conditional distribution PY |X .
<latexit sha1_base64="ur+BHZACUbChjQRx9hnG/2zcsrg="></latexit>

distribution PY |X . This is often impossible to obtain.
<latexit sha1_base64="Q8Jpx8/oyeq1kqbg7ZV+gF5SRzw="></latexit>

In general, we su↵er from an estimation/approximation tradeo↵ :
<latexit sha1_base64="5kWWV4HGtWP66QO6eB1W3XzMJTE="></latexit>

r(f)� inf
g2F

r(g) = r(f)� inf
h2H

r(h) + inf
h2H

r(h)� inf
g2F

r(g)
<latexit sha1_base64="cDuvEYqZWmG0gQ+AxP5x0RpzlRQ="></latexit>

Estimation error Approximation error

And we need to work within the ERM framework, which leads us to work with
<latexit sha1_base64="vKifxw8HrMnunT2s+D/983HeQKg="></latexit>

leads us to work with the empirical excess risk R(f), defined as
<latexit sha1_base64="xWHl2u5/V9lz8nuRvZ+Ltp4MJxM="></latexit>

R(f) =
1

n

nX

i=1

`(f(Xi), Yi)
<latexit sha1_base64="z1JTZJx9ihGzLJO+39js+Llgbg8=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VIQUpSBd0Uim5cVrEPaWqYTCft0MkkzEyEEvIdbvwVNy4UcSdu/BunbRbaeuBeDufcy8w9XsSoVJb1beSWlldW1/LrhY3Nre2d4u5eS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6HLitx+IkDTkt2ockV6ABpz6FCOlJbdo35h+Gdag4wuEEztNeAodGQduQmt2es+hQxgzfbPj0vIxvNPdLZasijUFXCR2RkogQ8Mtfjr9EMcB4QozJGXXtiLVS5BQFDOSFpxYkgjhERqQrqYcBUT2kulpKTzSSh/6odDFFZyqvzcSFEg5Djw9GSA1lPPeRPzP68bKP+8llEexIhzPHvJjBlUIJznBPhUEKzbWBGFB9V8hHiIdktJpFnQI9vzJi6RVrdgnler1aal+kcWRBwfgEJjABmegDq5AAzQBBo/gGbyCN+PJeDHejY/ZaM7IdvbBHxhfP6R/nr8=</latexit>

Note that here, the (Xi, Yi) are random samples
<latexit sha1_base64="j+jO6xd0fRWxNggBBIUnRNIG+cg="></latexit>

Excess Risk



Size of H
<latexit sha1_base64="3ASAHgnOV4MN29cUiyOIWQiwFAs=">AAACBHicbVA9TwJBEN3DL8Qv1JJmIzGxIndooiXRhhKjfCRAyN4yBxv2PrI7Z8QLhY1/xcZCY2z9EXb+G/eAQsGXTPLy3kxm5rmRFBpt+9vKrKyurW9kN3Nb2zu7e/n9g4YOY8WhzkMZqpbLNEgRQB0FSmhFCpjvSmi6o6vUb96B0iIMbnEcQddng0B4gjM0Ui9f6CDcY3IjHoCGHp3Qjs9wyJlMqpNevmiX7CnoMnHmpEjmqPXyX51+yGMfAuSSad127Ai7CVMouIRJrhNriBgfsQG0DQ2YD7qbTJ+Y0GOj9KkXKlMB0qn6eyJhvtZj3zWd6Yl60UvF/7x2jN5FNxFBFCMEfLbIiyXFkKaJ0L5QwFGODWFcCXMr5UOmGEeTW86E4Cy+vEwa5ZJzWipfnxUrl/M4sqRAjsgJccg5qZAqqZE64eSRPJNX8mY9WS/Wu/Uxa81Y85lD8gfW5w+tLJgc</latexit>

Best Error
<latexit sha1_base64="YbrW+KzpYKTCmpDzsodxxf6hV5M=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHajoMcQETxGMA9IljA76SRDZh/M9Kphzad48aCIV7/Em3/jJNmDJhY0FFXddHf5sRQaHefbWlldW9/YzG3lt3d29/btwkFDR4niUOeRjFTLZxqkCKGOAiW0YgUs8CU0/dHV1G/eg9IiCu9wHIMXsEEo+oIzNFLXLnQQHjGtgkZ6rVSkJl276JScGegycTNSJBlqXfur04t4EkCIXDKt264To5cyhYJLmOQ7iYaY8REbQNvQkAWgvXR2+oSeGKVH+5EyFSKdqb8nUhZoPQ580xkwHOpFbyr+57UT7F96qQjjBCHk80X9RFKM6DQH2hMKOMqxIYwrYW6lfMgU42jSypsQ3MWXl0mjXHLPSuXb82KlmsWRI0fkmJwSl1yQCrkhNVInnDyQZ/JK3qwn68V6tz7mrStWNnNI/sD6/AGEoJQq</latexit>

Approximation error

Estimation error

Total error

1. Supervised Learning Setting

2. Estimation vs Approximation

3. Maximal inequalities



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
<latexit sha1_base64="Czn5RLHk/oBxMqcds5Vw5KH8V4A="></latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
<latexit sha1_base64="Czn5RLHk/oBxMqcds5Vw5KH8V4A="></latexit>

The case H finite.
<latexit sha1_base64="b6q3P3MesU3IH07BNgoy68agYH4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8SNiNgh6DXnKMkBckIcxOepMhs7PLTK8YlvyEF3/FiwdFvAre/Bsnj4MmFgwUVd093eXHUhh03W9nZXVtfWMzs5Xd3tnd288dHNZNlGgONR7JSDd9ZkAKBTUUKKEZa2ChL6HhD28nfuMetBGRquIohk7I+koEgjO0Ujd33kZ4wLQ6AMrtGDqm7ZDhgDOZli2fmjQQSiAUxt1c3i24U9Bl4s1JnsxR6ea+2r2IJyEo5JIZ0/LcGDsp0yi4hHG2nRiIGR+yPrQsVSwE00mnV43pqVV6NIi0fQrpVP3dkbLQmFHo28rJymbRm4j/ea0Eg+tOKlScICg++yhIJMWITiKiPaGBoxxZwrgWdlfKB0wzjjbIrA3BWzx5mdSLBe+iULy7zJdu5nFkyDE5IWfEI1ekRMqkQmqEk0fyTF7Jm/PkvDjvzsesdMWZ9xyRP3A+fwCcu58Z</latexit>

Let us first consider the case H finite.
<latexit sha1_base64="jfnce6db/CgzgA5o0yYbuMCPeBE="></latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
<latexit sha1_base64="Czn5RLHk/oBxMqcds5Vw5KH8V4A="></latexit>

The case H finite.
<latexit sha1_base64="b6q3P3MesU3IH07BNgoy68agYH4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8SNiNgh6DXnKMkBckIcxOepMhs7PLTK8YlvyEF3/FiwdFvAre/Bsnj4MmFgwUVd093eXHUhh03W9nZXVtfWMzs5Xd3tnd288dHNZNlGgONR7JSDd9ZkAKBTUUKKEZa2ChL6HhD28nfuMetBGRquIohk7I+koEgjO0Ujd33kZ4wLQ6AMrtGDqm7ZDhgDOZli2fmjQQSiAUxt1c3i24U9Bl4s1JnsxR6ea+2r2IJyEo5JIZ0/LcGDsp0yi4hHG2nRiIGR+yPrQsVSwE00mnV43pqVV6NIi0fQrpVP3dkbLQmFHo28rJymbRm4j/ea0Eg+tOKlScICg++yhIJMWITiKiPaGBoxxZwrgWdlfKB0wzjjbIrA3BWzx5mdSLBe+iULy7zJdu5nFkyDE5IWfEI1ekRMqkQmqEk0fyTF7Jm/PkvDjvzsesdMWZ9xyRP3A+fwCcu58Z</latexit>

Let us first consider the case H finite.
<latexit sha1_base64="jfnce6db/CgzgA5o0yYbuMCPeBE="></latexit>

As a consequence of the law of large number, we know that
<latexit sha1_base64="AmRHRLvzayj3C448RiIrfu0F5MY="></latexit>

R(f) �!
n!1

r(f) almost surely, for all f 2 H.
<latexit sha1_base64="UXKQEPqRvBInrznBdvaaoNZJK/8="></latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
<latexit sha1_base64="Czn5RLHk/oBxMqcds5Vw5KH8V4A="></latexit>

The case H finite.
<latexit sha1_base64="b6q3P3MesU3IH07BNgoy68agYH4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8SNiNgh6DXnKMkBckIcxOepMhs7PLTK8YlvyEF3/FiwdFvAre/Bsnj4MmFgwUVd093eXHUhh03W9nZXVtfWMzs5Xd3tnd288dHNZNlGgONR7JSDd9ZkAKBTUUKKEZa2ChL6HhD28nfuMetBGRquIohk7I+koEgjO0Ujd33kZ4wLQ6AMrtGDqm7ZDhgDOZli2fmjQQSiAUxt1c3i24U9Bl4s1JnsxR6ea+2r2IJyEo5JIZ0/LcGDsp0yi4hHG2nRiIGR+yPrQsVSwE00mnV43pqVV6NIi0fQrpVP3dkbLQmFHo28rJymbRm4j/ea0Eg+tOKlScICg++yhIJMWITiKiPaGBoxxZwrgWdlfKB0wzjjbIrA3BWzx5mdSLBe+iULy7zJdu5nFkyDE5IWfEI1ekRMqkQmqEk0fyTF7Jm/PkvDjvzsesdMWZ9xyRP3A+fwCcu58Z</latexit>

Let us first consider the case H finite.
<latexit sha1_base64="jfnce6db/CgzgA5o0yYbuMCPeBE="></latexit>

As a consequence of the law of large number, we know that
<latexit sha1_base64="AmRHRLvzayj3C448RiIrfu0F5MY="></latexit>

R(f) �!
n!1

r(f) almost surely, for all f 2 H.
<latexit sha1_base64="UXKQEPqRvBInrznBdvaaoNZJK/8="></latexit>

Here we seek to establish a non-asymptotic bound
<latexit sha1_base64="667VjkIXq5eSo9tBRmEmcy35yxU="></latexit>

that holds uniformly over H.
<latexit sha1_base64="peraD4GGC7oNXqonXvzZ/ZZmoZU=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwVZMq6LLopssK9gFNKZPJtBk6yYSZG7GEfIYbf8WNC0XcduffOG2z0NYDA4dz7mXOPV4suAbb/rYKa+sbm1vF7dLO7t7+QfnwqK1loihrUSmk6npEM8Ej1gIOgnVjxUjoCdbxxnczv/PIlOYyeoBJzPohGUV8yCkBIw3KFy6wJ0ghIIADKXyNE2NLFYoJlmYRZ9gNCQSUiLSRVfGgXLGr9hx4lTg5qaAczUF56vqSJiGLgAqidc+xY+inRAGngmUlN9EsJnRMRqxnaERCpvvp/LAMnxnFxyaOeRHgufp7IyWh1pPQM5OzkHrZm4n/eb0Ehjf9lEdxAiyii4+GicAg8awl7HPFKJgOfE6o4iYrpgFRhILpsmRKcJZPXiXtWtW5rNburyr127yOIjpBp+gcOega1VEDNVELUfSMXtE7+rBerDfr0/pajBasfOcY/YE1/QEo+aBu</latexit>

Proposition : Excess Risk Decompositon



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H

1

n

NX

i=1

`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>

sup
f2H

{R(f)� r(f)}, and sup
f2H

{r(f)�R(f)}.
<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
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sup
f2H

r(f)�R(f)

#
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<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
<latexit sha1_base64="Czn5RLHk/oBxMqcds5Vw5KH8V4A="></latexit>

The case H finite.
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Let us first consider the case H finite.
<latexit sha1_base64="jfnce6db/CgzgA5o0yYbuMCPeBE="></latexit>

As a consequence of the law of large number, we know that
<latexit sha1_base64="AmRHRLvzayj3C448RiIrfu0F5MY="></latexit>

R(f) �!
n!1

r(f) almost surely, for all f 2 H.
<latexit sha1_base64="UXKQEPqRvBInrznBdvaaoNZJK/8="></latexit>

Here we seek to establish a non-asymptotic bound
<latexit sha1_base64="667VjkIXq5eSo9tBRmEmcy35yxU="></latexit>

that holds uniformly over H.
<latexit sha1_base64="peraD4GGC7oNXqonXvzZ/ZZmoZU=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwVZMq6LLopssK9gFNKZPJtBk6yYSZG7GEfIYbf8WNC0XcduffOG2z0NYDA4dz7mXOPV4suAbb/rYKa+sbm1vF7dLO7t7+QfnwqK1loihrUSmk6npEM8Ej1gIOgnVjxUjoCdbxxnczv/PIlOYyeoBJzPohGUV8yCkBIw3KFy6wJ0ghIIADKXyNE2NLFYoJlmYRZ9gNCQSUiLSRVfGgXLGr9hx4lTg5qaAczUF56vqSJiGLgAqidc+xY+inRAGngmUlN9EsJnRMRqxnaERCpvvp/LAMnxnFxyaOeRHgufp7IyWh1pPQM5OzkHrZm4n/eb0Ehjf9lEdxAiyii4+GicAg8awl7HPFKJgOfE6o4iYrpgFRhILpsmRKcJZPXiXtWtW5rNburyr127yOIjpBp+gcOega1VEDNVELUfSMXtE7+rBerDfr0/pajBasfOcY/YE1/QEo+aBu</latexit>

Proposition : Excess Risk Decompositon

Proposition : Hoeffding’s inequality

Let X be a real-valued raudan sariable sech that a  X � E[X]  b.
<latexit sha1_base64="4YGZYEB99iBGZJAzoZDo1zdPUCk="></latexit>

Then for any � 2 R, we have
<latexit sha1_base64="lNvfkqPHcdWqG89STw3wVS+vTSM="></latexit>
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<latexit sha1_base64="LzK0B38MHmTlJ3j3qLviPT4cZ60="></latexit>



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
<latexit sha1_base64="3/NmkODhyjL+tsMoV7gABAHpiPs="></latexit>

r(f)� r(f?)  R(f)�R(f̃?) + sup
f2H

{R(f)� r(f)}+ sup
f2H

{r(f)�R(f)}
<latexit sha1_base64="yZIombEu2JIV721KQHJBsXRxZgo="></latexit>

where f̃? = argmin
f2H

R(f) = argmin
f2H
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`(f(xi), yi).
<latexit sha1_base64="IsvQ20B1iu3NGUe7peeqBI1U87Q="></latexit>

R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
<latexit sha1_base64="releUj50AwqGPWoC+eGY055n6w0="></latexit>

gradient descent.
<latexit sha1_base64="TFuES2cTiCYJLbEQu+ww27couus=">AAACAXicbVDLSsNAFL3xWesr6kZwEyyCq5BUQZdFNy4r2Ae0oUwmN+3QyYOZiVhC3fgrblwo4ta/cOffOG2z0NYLwxzOuYd77/FTzqRynG9jaXlldW29tFHe3Nre2TX39psyyQTFBk14Ito+kchZjA3FFMd2KpBEPseWP7ye6K17FJIl8Z0apehFpB+zkFGiNNUzD7sKH1TeFyRgGCsrQEn1b497ZsWxnWlZi8AtQAWKqvfMr26Q0CzSbsqJlB3XSZWXE6EY5TgudzOJKaFD0seOhjGJUHr59IKxdaKZwAoToZ/eYsr+duQkknIU+bozImog57UJ+Z/WyVR46eUsTjOFMZ0NCjNuqcSaxGEFTCBVfKQBoYLpXS06IIJQpUMr6xDc+ZMXQbNqu2d29fa8Ursq4ijBERzDKbhwATW4gTo0gMIjPMMrvBlPxovxbnzMWpeMwnMAf8r4/AH+E5c6</latexit>

In this chapter, we will focus on the next terms,
<latexit sha1_base64="xJnoTQlDOkHUoYE7COBJAXCLK5Q=">AAACInicbVBNSwMxEM3W7/pV9eglWAQPpexWQb2JXvRWwdZCu5RsOmuD2eySzFrL0t/ixb/ixYOingR/jNnag18PAo/3ZiYzL0ikMOi6705hanpmdm5+obi4tLyyWlpbb5o41RwaPJaxbgXMgBQKGihQQivRwKJAwmVwfZL7lzegjYjVBQ4T8CN2pUQoOEMrdUuHHYRbzM4Uxb4wlPdZgqArdAB0IKSkYcxTQ+PcBqpsKbV2ZCp01C2V3ao7Bv1LvAkpkwnq3dJrp2enRaCQS2ZM23MT9DOmUXAJo2InNZAwfs2uoG2pYhEYPxufOKLbVunZbbR9CulY/d6RsciYYRTYyohh3/z2cvE/r51ieOBnQiUpguJfH4WppBjTPC/aExo4yqEljGthd81D0ozbHEzRhuD9Pvkvadaq3m61dr5XPjqexDFPNskW2SEe2SdH5JTUSYNwckceyBN5du6dR+fFefsqLTiTng3yA87HJ5ZEo6w=</latexit>
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<latexit sha1_base64="dYOiml5iFTFhf+i7CckxKeYdXoE="></latexit>

Our goal is to derive maximal inequalities, i.e. inequalities of the form
<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>
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where  , and ↵ are to determine.
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Let us first consider the case H finite.
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As a consequence of the law of large number, we know that
<latexit sha1_base64="AmRHRLvzayj3C448RiIrfu0F5MY="></latexit>
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r(f) almost surely, for all f 2 H.
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Here we seek to establish a non-asymptotic bound
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that holds uniformly over H.
<latexit sha1_base64="peraD4GGC7oNXqonXvzZ/ZZmoZU=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwVZMq6LLopssK9gFNKZPJtBk6yYSZG7GEfIYbf8WNC0XcduffOG2z0NYDA4dz7mXOPV4suAbb/rYKa+sbm1vF7dLO7t7+QfnwqK1loihrUSmk6npEM8Ej1gIOgnVjxUjoCdbxxnczv/PIlOYyeoBJzPohGUV8yCkBIw3KFy6wJ0ghIIADKXyNE2NLFYoJlmYRZ9gNCQSUiLSRVfGgXLGr9hx4lTg5qaAczUF56vqSJiGLgAqidc+xY+inRAGngmUlN9EsJnRMRqxnaERCpvvp/LAMnxnFxyaOeRHgufp7IyWh1pPQM5OzkHrZm4n/eb0Ehjf9lEdxAiyii4+GicAg8awl7HPFKJgOfE6o4iYrpgFRhILpsmRKcJZPXiXtWtW5rNburyr127yOIjpBp+gcOega1VEDNVELUfSMXtE7+rBerDfr0/pajBasfOcY/YE1/QEo+aBu</latexit>

Proposition : Excess Risk Decompositon

Proposition : Hoeffding’s inequality

Let X be a real-valued raudan sariable sech that a  X � E[X]  b.
<latexit sha1_base64="4YGZYEB99iBGZJAzoZDo1zdPUCk="></latexit>

Then for any � 2 R, we have
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Proof : on the black board.



Excess risk decompositon and maximal inequalities

Excess Risk Decomposition

Remarks :

For any f 2 H, we have
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r(f)� r(f?)  R(f)�R(f̃?) + sup
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{R(f)� r(f)}+ sup
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{r(f)�R(f)}
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R(f)�R(f̃?) may be reduced through optimization methods like the gradient descent method.
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gradient descent.
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In this chapter, we will focus on the next terms,
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<latexit sha1_base64="zWY3rBwy35v8jp29+aSbUoue7c0="></latexit>

of the form
<latexit sha1_base64="L9jetT/W28FV7nq1pJDFNGN9IVI=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcxEQY9BLx4jmAWSIfR0apImPQvdNZIwzK948aCIV3/Em39jZzlo4oOCx3tVVNXzEyk0Os63VdjY3NreKe6W9vYPDo/s43JLx6ni0OSxjFXHZxqkiKCJAiV0EgUs9CW0/fHdzG8/gdIijh5xmoAXsmEkAsEZGqlvl3sIE8zigOIIaBCrMO/bFafqzEHXibskFbJEo29/9QYxT0OIkEumddd1EvQyplBwCXmpl2pIGB+zIXQNjVgI2svmt+f03CiD2WJTEdK5+nsiY6HW09A3nSHDkV71ZuJ/XjfF4MbLRJSkCBFfLApSSTGmsyDoQCjgKKeGMK6EuZXyEVOMo4mrZEJwV19eJ61a1b2s1h6uKvXbZRxFckrOyAVxyTWpk3vSIE3CyYQ8k1fyZuXWi/VufSxaC9Zy5oT8gfX5AyzXlIY=</latexit>

E
"
sup
f2H

r(f)�R(f)

#

 (H)

n↵
<latexit sha1_base64="ApGEff/MnFIhnhx0VZcfl73i1qc="></latexit>

where  , and ↵ are to determine.
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<latexit sha1_base64="b6q3P3MesU3IH07BNgoy68agYH4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8SNiNgh6DXnKMkBckIcxOepMhs7PLTK8YlvyEF3/FiwdFvAre/Bsnj4MmFgwUVd093eXHUhh03W9nZXVtfWMzs5Xd3tnd288dHNZNlGgONR7JSDd9ZkAKBTUUKKEZa2ChL6HhD28nfuMetBGRquIohk7I+koEgjO0Ujd33kZ4wLQ6AMrtGDqm7ZDhgDOZli2fmjQQSiAUxt1c3i24U9Bl4s1JnsxR6ea+2r2IJyEo5JIZ0/LcGDsp0yi4hHG2nRiIGR+yPrQsVSwE00mnV43pqVV6NIi0fQrpVP3dkbLQmFHo28rJymbRm4j/ea0Eg+tOKlScICg++yhIJMWITiKiPaGBoxxZwrgWdlfKB0wzjjbIrA3BWzx5mdSLBe+iULy7zJdu5nFkyDE5IWfEI1ekRMqkQmqEk0fyTF7Jm/PkvDjvzsesdMWZ9xyRP3A+fwCcu58Z</latexit>

Let us first consider the case H finite.
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As a consequence of the law of large number, we know that
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that holds uniformly over H.
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Proposition : Excess Risk Decompositon

Proposition : Hoeffding’s inequality

Let X be a real-valued raudan sariable sech that a  X � E[X]  b.
<latexit sha1_base64="4YGZYEB99iBGZJAzoZDo1zdPUCk="></latexit>

Then for any � 2 R, we have
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<latexit sha1_base64="LzK0B38MHmTlJ3j3qLviPT4cZ60="></latexit>

Proof : on the black board.

Remarks :

Hoeffding’s inequality is a classical example of concentration 
inequality.


